ln(n(S)) is a "color entropy" (extensive).
For cubic lattices with even number of sites in each direction and a gauge group that contains −1, it is possible to change βReT rU p into −βReT rU p by a change of variables U l → −U l on a set of links such that for any plaquette, exactly one link of the set belongs to that plaquette (Li, YM PRD71 016008). This implies
Thanks to this symmetry, we only need to know n(S)
The one plaquette case (Li, YM, PRD71 054509)
for large β 1/β corrections can be calculated by expanding the remaining factor √ 2 − S Series with finite radius of convergence → asymptotic series if we integrate over S from 0 to ∞ (instead of 0 to 2).
It is easier to approximate n(S) than the corresponding partition function. Does this survive the infinite volume limit?
n(S) near S = 2 can be probed by taking β → −∞ in agreement with the common wisdom that the large order behavior of weak coupling series can be understood in terms of the behavior at small negative coupling.
Volume dependence
The SU (2) duality symmetry implies that
The existence of the infinite volume limit requires that
In the same limit, the integral can be evaluated by the saddle point method.
The maximization of the integrand requires 
In the infinite volume limit, we have A = 3/4. Expanding 
Assuming that ∂P/∂β has a logarithmic singularity in the complex β plane and integrating (very successful for SU (3), YM PRD74:096005) 
Expansion in Legendre polynomials
Coefficients decay exponentially.
Approximations improve uniformly with the order. f (s, {β i }, N p ) ≡ ln(n(sN p , {β i }, N p ))/N p can be used as the effective potential if we can find a RG transformation for the {β i } associated with the characters χ i ( e.g. Migdal-Kadanoff) lim N p →∞ f (s, {β i }, N p ) = f (s, {β i })
